Background: Protein space is explored by means of an inverse folding procedure that makes use of knowledge-based potentials of mean force.
Introduction
The prediction of protein conformations from amino acid sequences has remained an unsolved problem in spite of all e orts for a variety of reasons. Notably, existing potential functions are far too inaccurate to predict the correct ground state conformation and the computational di culties of actually nding the groundstate conformation using a given potential function exceed the available computational resources by orders of magnitude. Thus accurate tertiary structure prediction is not yet possible; for a review of the state of the art see, e.g., 12]. As a consequence protein space beyond the few polypeptide structures that have been determined experimentally is largely terra incognita. Even basic global features of the sequence-structure relations of proteins remain in the dark.
The most interesting notion of structure in molecular biology, in particular in the context of evolution, does not refer to atomic coordinates but to an intermediate level of description that is rendered as ribbon or wire diagram. Lattice models { 1 { and descriptions in terms of a contact matrix, such as RNA secondary structures, can be regarded as a special case of coarse grained representations. Extensive studies of lattice heteropolymer models by Ken Dill and co-workers 9, 10, 14, 53] and other groups 6, 7, 43] have focussed mostly on the uniqueness of ground states and questions of kinetic folding. A major drawback of these models is their computational di culty 52], which precludes the study of large ensembles of sequences longer than some 20 monomers.
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Figure 1: Sequence-structure relation in the case of RNA secondary structures: Sequences folding into a particular structure can be found anywhere in sequence space. Such sequences can be connected by extended networks of structurally neutral neighbors.
Secondary structures of nucleic acids are used on a regular basis to describe and interpret experimental results, they are conserved in evolution, and, last but not least, there are e cient algorithms for computing them 28, 36, 54, 55] . In a series of extensive computational studies the most salient feature of the \combinatory map" of RNA secondary structures was elucidated over the past years 16, 17, 18, 42, 50, 29, 23, 24, 51, 30] . A number of sometimes unexpected global properties have been discovered:
There are many more sequences than structures, hence many sequences fold into the same structure.
{ 2 {
The distribution of the number of sequences folding into the same structure is highly nonuniform, i.e., there are few very common structures and many di erent very rare structures. The sequences folding into a common structure are distributed randomly in sequence space. No clustering is visible. The sequences folding into a common structure form extended neutral networks, i.e., there are networks consisting of sequences that fold into the same structure which extend through all sequence space. The average distance from a random sequence to a sequence that folds into a desired structure is short compared to the maximum distance in sequence space.
Naturally, the question arises whether protein space has similar properties. Since protein folding is intractable at this time, we are forced to persue a less ambitious approach. Suppose we could solve the inverse protein folding problem 15, 5] that consists in nding a sequence that folds into a given protein conformation, or even less ambitiously, suppose we could reliably decide whether a given sequence folds into a given structure. Such a decision algorithm would not only e ectively solve the problems of rational protein design but also allow for a quite detailed mapping of protein space.
Of course there is no algorithm available that unambigously decides whether a structure is the ground state con guration of sequence x. Knowledge-based potentials derived from the data of known protein structures, however, have proved to be a powerful tool for judging whether a given sequence x is a good candidate for folding into the prescribed structure . A serious restriction applies, however: the structure must be a native protein conformation. In this contribution we make use of a set of knowledge-based potentials of mean force that have been derived by Sippl and co-workers 27, 46] based on two fundamental assumptions:
(1) Proteins fold into their thermodynamic ground states, i.e., the conformation of a protein minimizes a potential energy function. (2) The frequency (I) of a certain interaction I in the data base of all (known) protein structures is related to the energy contribution E(I) of I by means of Boltzman's law: (I) exp(?E(I)=RT). A set of perturbed protein structures was produces by \heating" the structure in a molecular dynamics simulation and then cooling (and compactifying) it again, 31]. The two big symbols show the native structures at their experimental resolutions. It is interesting to note that the resolution a ects almost exclusively the contribution of the pair potential, while it has only a negligible e ect on the z-score contribution of the surface potentials.
from X-ray structures measured at di erent resolution by di erent groups (See  table 1 ). Their z-scores indeed improve with increasing resolution of the structure determination.
We may therefore interpret the z-score di erence between the wild type sequencê x and a test sequence x as a measure of distance between their respective native { 6 { folds. We set
i.e., we accept x as a sequence folding into if its z-score is at least as good as the z-score of the wild type sequencex. The z-score can thus be used as an approach to inverse folding: Given a xed backbone conformation , we may search for sequences x that give z-scores z(x; ) at least as low as the z-score of the native sequencex. Of course, only native structures that are already in the database can be explored with this method. Formally, we have translated inverse folding into an optimization problem on the set of all sequences: we are looking for the minima x of the cost function D (x;x), or simply at the minima of the z-score z(x; ).
From the computational point of view, this optimization problem appears to be very easy. Indeed, it is su cient to use the simplest heuristic, the adaptive walk, which repeatedly tries random mutations (exchanges of single amino acid) that are accepted if and only if the cost function (D ) decreases. If no advantageous mutation can be found, the procedure terminates in a local optimum of the cost function. The procedure is equivalent to a Monte-Carlo optimization, as used in 44, 45] , Typical examples of adaptive walks are shown in Figure 3 .
The length L adap of an adaptive walk is de ned as the number of accepted mutations that are necessary to reach the wild-type z-score. The ratio L adap =n indicates the abundance of sequences that fold into the wild type structure , because rare structures can only be reached by very long walks (or not at all) while short walks should su ce to nd a sequence folding into a very common structure. Numerical data can be found in table 2 in the following section.
Whether the sequences predicted by our inverse folding procedure do indeed fold into the desired structure can ultimately only be answered by experiment. One way to test the plausibility of a computed sequence is to try to predict its secondary structure and to compare it with the known secondary structure of the target conformation. The best available algorithms combine secondary structure prediction with a search for homologous sequences and thereby attain accuracies The z-score along adaptive walks on the 2TRX structure is plotted as a function of the walk length (l.h.s) and as a function of the time, i.e, the number of attempted steps (r.h.s). The nal sequences derived from the adaptive walks on the 2TRX structure had z-scores about 50% better than the score of the wildtype sequence (?9:22). This may seem surprising at rst. There is no reason, however, why the wild-type z-scores should be optimal; for instance, too much structural stability might even be detrimental to the function of a protein. Alternatively, this e ect might be attributed to the limited accuracy of the potentials of mean force. Table 1 shows that the z-scores of the native structures improve with increasing resolution, i.e., that the data contained in the PDB les is by no means completely accurate. Extrapolation of the ubiquitin data in gure 2, for instance, suggest that about six z-score units might be explained by the limited resolution of the experimental structures. We should therefore expect, that sequences with z-scores better than that of the native structures can be found. Although the scores are steadily improving even after about 150 steps the time, i.e., the number of tested mutants, needed to nd an improved sequence, becomes very large towards the end of the simulation.
over 70% for the assignment of residues to helix, strand and loop regions 39]. Since our inverse folded sequences have no or little homology to known sequences we have to expect somewhat lower accuracies.
We mostly used the program SOPM by Geourjon and Deleage 19] . It correctly predicts approximately 65% of the residues in the 2TRX wildtype. Similar results were achieved using the PHD method of Rost and Sanders 39] . Figure 4 shows the overlap between the 2TRX secondary structure and the SOPM prediction for every 5th sequence from the 5 adaptive walks shown in gure 2. The overlap between { 8 { the predicted and 2TRX secondary structure at rst increases with improving z-score, then saturates at about 65% once the z-score becomes better than that of the wild-type sequence, as expected. The PROSA potentials depend only on distances between C or C atoms and surface exposure and make no explicit reference at all to secondary structure. The fact that the SOPM prediction of the secondary structure of the inverse folded sequences agrees with the wild type secondary structure within the limits of the algorithm's accuracy therefore lends further credibility to the PROSA potentials. { 9 { 3. Results
The Distribution of Inverse Folded Sequences
Sequences generated by independent adaptive walks show little or no homology to the wild-type sequence or among each other. This is consistent with the observation that a signi cant sequence homology is not necessary for two proteins to have the same fold 37]. The distribution of pairwise Hamming distances for 700 sequences with z-score approximately ?11 on the 2TRX structure is shown in Figure 5 . Although they lie somewhat closer together than random sequences with a typical amino acid composition (taken from the SwissProt database), pairs with the maximal Hamming distance n = 108 still do occur. 
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* * * * ** * * * * * * * * -++++++++++-+++-++++--------+-++-+-++-+-+-++--++-+-+-+++--+-++-++--+++++++--+++--+++++++--++-+-+++-++--+++--cs ** * ********* * * **** ** *** * ******* * *** ***** ** ***** *** * ****** ** ********* *** There is only a very small number of positions in which only hydrophilic or only hydrophobic residues occur in all the sequences sampled from both inverse folding and neutral path (see next section). The pattern shown in gure 6 is typical: while { 11 { in most positions the type of amino acid conforms the wildtype most of the time, the deviations are substantial. The thioredoxin wildtype sequence contains 72 hydrophilic residues (66:7%), the fraction of hydrophilic residues in gure 6 is 69:7%. We nd an average Hamming distance of 33:0 between the patterns in gure 6 while the average distance between random sequences with the same fraction of hydrophilic residues is approximately 45:6. Furthermore there are 14 conserved positions. Taking these into account we would expect a Hamming distance of approximately 40 if the remaining positions were uncorrelated. We conclude that inverse folding is very exible at the level of individual amino acids but requires a signi cant level of conservation of amino acid classes.
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The Existence of Neutral Networks in Protein Space
A neutral path starting at a sequence x 0 folding into a structure consists of sequences x 1 ; x 2 ; : : : such that (i) the sequences x i is obtained by a single point mutation from x i?1 for all i > 0, (ii) all sequences x i fold into , and (iii) the Hamming distance d H (x 0 ; x i ) = i, i.e., each mutation increases the distance from the starting point 42]. A neutral path therefore ends after L n steps when no mutant of x L can be found that has Hamming distance L + 1 from the starting point and folds into .
The inverse folded sequences were used as starting points for neutral paths. In our simulations we accept a sequence x i as folding into the prescribed structure if its z-score, as well as the z-scores computed separately from the C and the C potentials, is below a threshold value that is at least as low as the wildtype zscore. The substitution frequencies for the production of mutants were computed from the natural frequencies of the amino acids as contained in the SwissProt database. Figure 7 shows the results for four di erent protein structures. We nd that the lengths of the neutral paths L are roughly equal to the lengths of the proteins, at z-scores levels comparable to the wild-type sequence. Even at z-scores about six standard deviations better than the wild-type z-score, the length of the neutral { 12 { indicating that the neutral networks span essentially the entire sequence space. It is not surprising that the Hamming distances between the end points of neutral paths is somewhat larger than the average distance between the end points of adaptive walks, since a neutral walk has a built-in bias towards sequences that contain a more uniform distribution of aminoacids. 
Restricted Alphabets
It is natural to ask whether all 20 amino acids are in fact necessary to build native protein structures, or whether this can already been done with a (small) subset of di erent aminoacids. We have therefore attempted to nd inverse folded sequences for our four test protein structures that contain only a small subset of amino acids. Not surprisingly, no sequences with wild-type like structures could be found when only hydrophilic amino acids were used. Surprisingly, however, we observed substantial di erence between di erent alphabets that all contain both hydrophilic and hydrophobic aminoacids. The data clearly show that some restricted alphabets allow for inverse folding of native structures while we could not nd acceptable z-scores with other alphabets. It is also interesting to note that the quality of best solutions depend on the structure under consideration, and that this dependence is the same for all restricted alphabets that we have investigated. One might speculate that there are in fact protein structures that are attained by a much larger number of sequences than other structures. su cient. The inverse folded sequences in these alphabets do, however, contain a substatial fraction of A and G. The alphabet ADLG has been proposed as a candidate for a primordial set of aminoacids, before the full genetic code was developed. It is reassuring to see that this alphabet allows inverse folding of a variety of present day protein structures. It is worth noting in this context, that the QLR alphabet used in experimental work on random polypeptides by Note that the distance between random sequence is 0:75n in a four letter alphabet. Neutral paths thus extend well beyond the expected distance of random sequences even in the highly restricted ADLG alphabet.
The best z-score relative to the wild type have the order, CBN > LYZ > TRX > UBQ ; (5) irrespective of the amino acidalphabet. We nd the same ordering for hdi nn =n and hdi adw =n while the relative lengths of L adap =n give the reverse order. This suggests that \designability" is indeed an intrinsic property of the structure and that it may vary signi cantly among wildtype structures 25].
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Discussion
The approach to inverse folding outlined in this work may be useful as a tool for studying the global properties of the sequence-structure relations in proteins, as well as for protein engineering in biotechnological applications.
We found that sequences with z-scores as good as or better than the wild-type z-score can indeed be found using a simple adaptive walk in sequence space. A more sophisticated optimization technique is not necessary since local minima in the high dimensional sequence space are rare. We found that there is essentially no homology between the inverse folded sequences, the distribution of the amino acids is essentially random. The neutral paths on protein structures extend to the length of the amino acid sequence at z-scores comparable to the wild-type score and better. The existence of very long neutral walks on all native protein structures is a strong indication for the existence of neutral networks percolating protein space. The same qualitative results were obtained for some, but not all, restricted amino acid alphabets. In this respect, the sequence-structure map of proteins seems to be very similar to the nucleic acid case.
RNA exhibits shape space covering, that is, any common structure can be found within a small radius in sequence space centered around an arbitrary reference point 42, 23, 24] . It is not clear at this point whether proteins (or the knowledgebased potential model of protein space considered here) shares this property. Sander and Schneider 40] have argued that sequences with more than some 30% sequence homology will give rise to the same fold. Random graph models of neutral networks 38], on the other hand, predict that the neutral networks of any two di erent structures should come close at least in some parts of sequence space.
Further computer experiments will be necessary to decide whether protein space exhibits shape space covering or whether there is a subtle form of clustering that we could not detect in the limited set of inverse folded sequences.
{ 17 {
